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1-1

Solve the ODE by integration or by remembering a differentiation formula

1y’ + 2sin2nx = 0

6. y'= -y

(a)Verify that y is a solution of the ODE.(b)Determine from y the particular solution
of the IVP.(c)Graph the solution of the IVP.

13. y’ = y_yz'yz ﬁ)y((}) = 0.25 .

1-2
Graph a direction field(by a CAS or by hand). In the field graph several solution
curves by hand, particularly those passing through the given points (x,y)

0 = 215,001, 02)

1-3

Find a general solution. Show the steps of derivation. Check your answer by
substitution

1. yly +x3=

6. y’ — er—lyz

10. xy' = x+y (sety/x = u)

Solve the I\VVP. Show the steps of derivation, beginning with the general solution.
12. y =1+4y%,y(1) =0

16. y = (x+y—2)2%y(0)=2 (setv=x+y—2),

1-4

Test for exactness. If exact, solve. If not, use an integrating factor as given or obtained
by inspection or by the theorems in the text. Also, if an initial condition is given, find
the corresponding particular solution.

2. x3dx+y3dy=0

8. e*(cosy dx —siny dy) =0

12. (2xy dx + dy)e* = 0,y(0) = 2

14. (a+1)ydx+ (b+1)xdy=0,y(1) =1,F = x?yP



1-5

Find the general solution. If an initial condition is given, find also the corresponding
particular solution and graph or sketch it. (show the details of your work)

4, y =2y-4x

10. y'cosx+(3y—1)secx=O,yen)=§
12.  xy +4y=8x*,y(1) =2

Using a method of this section or separating variables, find the general solution. If an
initial condition is given, find also the particular solution and sketch or graph it.

1

22. y+4y=y*y0)=—:

26. y=(any)/x-1D , y0)=3n

28.  2xyy + (x — 1)y? = x%e* (sety? = z)

2-1

Reduce to first order and solve, showing each step in detail
4, 2xy =3y

6. xy +2y +xy=0, y; = (cosx)/x

10y +(1+1/y)y2=0

(a)Verify that the given functions are linearly independent and form a basis of
solutions of the given ODE (b) Solve the I\VP.

15.y +9y =0, y(0) =2 ;y'(0) = —1, cos3x,sin3x

16. y"+2y'+y=0,y(0) =2,y (0)=-1, e *, xe7*

18. x3y"—xy'+y=0, y()=1Ly'(1) =2, x,xIn(x)

2-2

Find a general solution

2. y"+36y=0

6. 10y" — 32y’ +25.6y =0

10. 100y" + 240y’ + (19672 + 144)y = 0

14. y" + 2k%y' + k*y =0

Findan ODE ( y" +ay’ + by = 0 , for the given basis )

18. cos 2nx , sin 2ntx

Solve the IVP. Check that your answer satisfies the ODE as well as the initial
conditions. Show the details of your work.



24. y"=2y'=3y=0,y(-D=e, y-1) =",

28. 6y"—y' —y=0, y(0) =-0.5, y'(0) =1.25

30. 9y" —30y'+ 25y =0, y(0) =3.3, y'(0) = 10.0

Are the following functions linearly independent on the given interval?
32. e ™ x>0

34. Inx ,In(x3) , x>1

36. e‘Xcos%x ,0,-1<x<1

2-3

Apply the given operator to the given functions. Show all steps in detail.
2. D—3I; 3x%+3x, 3e3* ,cos4x — sin 4x

5. (D+DMD-2D; e**, xe™,e %X

Factor as in the text and solve.

6. (D?+ 4.00D + 3.36])y =0

8. (D*+3Dy=0

12. (D% +3.0D + 2.5y =0

2-5

Find a real general solution. Show the details of your work.
2. x’y"—2y=0

8. (x?D?-3xD+4Dy=0

10. (x?D? —xD+ 5y =0

Solve the solution. Show the details of your work.

12. x*y"—4xy'+ 6y =0, y(1) =04, y'(1) =0

16. (x?D?—=3xD+4Dy=0, y()=-n, y (1) =2n
18. (9x*D? +3xD+Dy=0,y(1) =1,y (1) =0

2-6
Find the Wronskian. Show linear independence by using quotients and confirm it by
W(y1,y2) =y1¥', — ¥2¥',

2 e4.0x e—1.5x
. )

4. 2x, 1/(4)()

6. e *coswx , e *sinwx

(a) Find a second-order homogeneous linear ODE for which the given functions are
solutions. (b) Show linear independence by the Wronskian. (c) Solve the initial value
problem.



10. x™1 |, x™2 | y(1) = -2, y' (1) = 2m; — 4m,
12. X2, X%Inx , y(1) =4,y (1) =6
14. e ™ cosnx , e ™sinnx , y(0) =1, y(0) = —k—=n

2-7

Find a general solution. State with rule you are using. Show each step of your work.
1. y"+5y +6y=2e*

4. y"—4y = 8cosnx

6. yn + y! + (7[2 + %)y = e_X/ZSin X

8. (3D? + 27I)y = 3 cos x + cos 3x

Solve the initial value problem. State which rule you are using. Show each step of
your calculation in detail.

12. y"+4y =—-12sin2x , y(0) = 1.8, y'(0) = 5.0

14. y" 4+ 6y'+ 9y = e *cos 2x, y(0) =1, y'(0) = -1

16. (D? —2D)y = 6e** —4e™ 2% , y(0) = -1, y'(0) =6

18. (D? + 2D + 10I)y = 17 sinx — 37 sin 3x , y(0) = 6.6 , y'(0) = —2.2

2-10

Solve the given nonhomogeneous linear ODE by variation of parameters or
undetermined coefficients. Show the details of your work.

2. y"+9y =csc3x

3. x%y"—xy —3y =x2

4, y"—4y' + 5y = e?®csc x

6. (D?+6D+9Dy=16e73*/(x*>+ 1)

10. (D% + 2D + 2I)y = 4e *sec3® x

13. (x2D? 4+ xD — 9l)y = 48x°

3-1
To get a feel for higher order ODEs, show that the given functions are solutions and
form a basis on any interval.



2. e, e X e/2,2y" —y =2y +y=0
6. 1, x%,x*,x%y " —3xy"+3y =0

Avre the given functions linearly independent or dependent on the half-axis x>0 ? Give
reason.

8. x?,1/,,0

10. e?*,xe?* , x%e%x
12. sin®x, cos®x, cos 2x

14. cos?x,sin’x, 2w

3-2

Solve the given ODE. Show the details of your work.
2. yWV+2y' +y=0

4. (D*=D*—-D+Dy=0

Solve the IVP by CAS, giving a general solution and the particular solution and its
graph.

7

i 1 ’ 3 " 5 "
10. y¥ +4y =0,y(0) =3 ,y'(0) = -3 ,y'(0) = ,y"(0) = -2

12. yv =5y " +4y =0, y(0) =3, y(0)=-5, y(0) =11, y"(0) =
—23,y(0) = 47

3-3

Solve the following ODEs, showing the details of your work
2. y'+2y -y —2y=1-4x3

4. (D3 +3D%?—-5D—39)y = —300 cosx

6. (D3 +4D)y = sinx

Solve the given IVP, showing the details of your work.

8. yV—5y +4y=10e"%*,y(0)=1,y(0)=0,y(0)=0,y"(0)=0
10. 3y +xy —y=x%,y(D)=1,y(1) =3,y (1) = 14

12. (D3 —2D? — 9D + 18I)y = e%*,y(0) = 4.5,y (0) = 8.8,y (0) = 17.2

5-1
Determine the radius of convergence. Show the details of your work
2.



m=0
4,
x2m+1
—~ (2m + 1)!
5
> () e
3

Apply the power series method. Show the details.

6. (1+x)y =2y

8. xy — 4y = k (ka constant)

Find a power series solution in Powers of x. Show the details.
10 y' =y +xy=0

12. (1—-x2)y —2xy +2y =0

14. y' —4xy + (4x2 - 2)y =0

Solve the initial value problem by a power

series.Find the value of the sum s (5 digits)at x;

16. y' + 4y =1,y(0) = 1.25,x, = 0.2

18. (1 —x?)y" —2xy +30y =0,y(0) =0,y (0) = 1.875,x, = 0.5

5-2

1. Legendre functions for n = 0.show that (6) with n = 0 gives Py(x) =

1 and (7)gives (useln(l +x) = x—%x2 +§x3 + ) ,¥2(X) = x +§X3 +%x5 +

= Elng verify this by solving (1) with n = 0, setting z =

y'and separating variables

2. Legendre functions for n = 1. Show that (7) withn = 1 gives y,(x) =

i —1—x2 1yt _1g6 ... —1_ 1yl
P, (x) and (6) gives, y; = 1—x SXF—oX 1 lenl_X



5-3
Find a basis of solutions by the Frobenius method. Try to identify the series as
expansions of known functions. Show the details of your work.

2. x+1D% ' +(x+1y —-y=0
6. xy +2x3y +(x*=2)y=0
12. x%2y" + 6xy + (4x> +6)y =0

5-4
Find a general solution in terms of |, and J_y or indicate when this is not possible.
Use the indicated substitutions. Show the details of your work.

2. X%y +xy + (XZ - %)y =0

6. xzy"+(li6+x)y=0 (y =2uVx , Vx=12)

10. X2y "+ (1 =2v)xy + vi(x?"+1-v3)y=0, (y=x"u, x¥ =12)
Use the powerful formulas to do Probs. Show the details of your work.

19,
Derivatives. Show that ', (x) = —J; (3,1, (%) = Jo) = 13/ 1. () =

[ () = Ja (1.

22.

Basic integral formulas. Show that [ x7V],,;(x)dx =
_X_V]V(X) +cC rf]v+1 (X)dX = f]v—l (X)dX - ZIV(X)

6-1

Find the transform. Show the details of your work. Assume that a, b ,0,0 are
constants.

2. (a—bt)?

4. cos’wt

6. e 'sinh4t



12.

1 2
14.
k
El b
16.
1 ‘
1 2

Given F(s) = £(f), find f(t).a,b, L, n are constants. Show the details of your work

5s+1
s2-25

26.

1
32'(s+a)(s+b)

34. ke 3tcosmt



38.
(s+1)3

do a1 dp
s+1 + (s+1)2 + (s+1)3

42.

a(s+k)+bn
6-2
Solve the I\VVPs by the Laplace transform.
4, y"+9y=10e7", y(0)=0,y'(0) =0
6. y'—6y +5y=29cos2t,y(0) =32, y'(0)=6.2
10. y" + 0.04y = 0.02t? , y(0) = —-25, y'(0) =0

Solve the shifted data I'VPs by the Laplace transform. Show the details.
12. y"+2y' =3y=0, y(2)=-3, y'(2) =-5

1
s4_g2

26.

6-3

Find its transform. Show the details of your work
2. t(0<t<?2)

6. sinmt(2<t<4)

10. sinht(0 <t < 2)

14. 4(e™25 — 2e75%) /s

Using the Laplace transform and showing the details
20. y" + 10y’ + 24y = 144t% , y(0) = = ,y'(0) = -5
24, y' 4+ 3y +2y=1if0<t<land 0ift>1;y(0) =0, y'(0) =0

6-4
Find the solution of the I\VP. Show the details.



4. y" +16y = 48(t—3m), y(0) =2 ,y'(0) =0
8. y"+3y +2y=10(sint+8(t—1)), y(0) =1,y'(0) = —1
12. y" + 2y’ + 5y = 25t — 1008(t — m), y(0) = —2,y'(0) =5

6-5

2. 1=x*sinwt

4. (coswt) * (coswt)

Solve by the Laplace transform, showing the details.

8. y(®)+4[,y(®(t—1dr=2t
10. y(t) — foty( 1)sin2(t — T)dt = sin 2t

14. y(t) — foty(r)(t— Tdt=2— %tz

Showing details
1

(s—a)?

18.

9
s(s+3)

20.

240
24,
(s2+1)(s?2+25)
6-6
Showing the details of your work, find £(f)if f(t)equals
2. 3tsinh4t
6. t?sin3t
10. tPekt
Showing the details, find f(t) if £(f) equals:
S
14 (s2+16)?

S
18. arccot—
g
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